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The concept of topological fermions, including Weyl and Dirac fermions, stems from the quantum
Hall state induced by a magnetic field, but the definitions and classifications of topological fermions
are formulated without using magnetic field. It is unclear whether and how the topological infor-
mation of topological fermions can be probed once their eigen spectrum is completely rebuilt by a
strong magnetic field. In this work, we provide an answer via mapping Landau levels (bands) of
topological fermions in d dimensions to the spectrum of a (d − 1)-dimensional lattice model. The
resultant “Landau lattice” may correspond to a topological insulator, and its topological property
can be determined by real-space topological invariants. Accordingly, each zero-energy Landau level
(band) inherits the topological stability from the corresponding topological boundary state of the
Landau lattice. The theory is demonstrated in detail by transforming 2D Dirac fermions under
magnetic fields to the Su-Schrieffer-Heeger models in class AIII, and 3D Weyl fermions to the Chern
insulators in class A.
Introduction– The practice of defining phases in quan-
tum matter by their topological properties traces its root
back to the quantum Hall effects of electron gases in
strong magnetic fields [1, 2]. In the past decades, its gen-
eralization in the absence of magnetic field led to the dis-
coveries of new phases of matter such as the topological
insulators [3–5] and semimetals. In particular, classifying
and modeling topological massless fermions with various
symmetries [6–13] lie at the frontiers of condensed-matter
physics. A number of quantum materials have been pro-
posed and experimentally verified [13–29], among them
the topological Weyl [14–17], Dirac [18–21], and nodal-
line [22–26] semimetals. When exposed to a magnetic
field, the topological massless fermions form novel Lan-
dau levels (bands) that are essentially different from or-
dinary Fermi liquids, leading to a number of exotic prop-
erties such as the Berry phase corrected half-integer Hall
conductance [30–36], chiral anomaly [37], charge den-
sity wave [38, 39] and Tomonaga-Luttinger liquid [40]
with high Landau degeneracy, and Weyl node annihila-
tion [41]. Although one may naturally expect that these
phenomena originate from the topological properties of
the field-free fermions, a critical question here is whether
and how a correspondence can be established between
them, knowing that the eigen spectrum of the massless
fermions can be completely re-structured in the presence
of magnetic fields and the topological information hid-
den.
In this work, we answer this question by providing a
general theory for defining and characterizing the topo-
logical properties of the Landau levels, whereby the
Landau levels of the topological massless fermions are
mapped to a semi-infinite lattice model, which we refer
to as a Landau lattice. The Landau lattice can be ex-
tended to be infinite, and the field-hidden topological in-
formation of massless fermions can be extracted by study-
ing topological properties of the extended Landau lattice.
Because the infinite Landau lattice has no translational
symmetry, we employ the topological invariants formu-
lated in real space [42–45], which has been developed in
the context of strong topological insulators and supercon-
ductors [11, 46–50]. Moreover, we discover that the Lan-
dau levels (bands) crossing zero energy are topologically
protected by the topological configuration of the states
with high Landau indices and are stable against pertur-
bations. As the low and high Landau levels (bands) cor-
respond to the boundary and bulk states in the Landau
lattice, respectively, this is a natural consequence of the
bulk-boundary correspondence [6, 42, 45, 51, 52], which
dictates that the topologically protected boundary states
are determined by a bulk topological invariant. The low-
energy effective theory for the zero-energy low Landau
levels (bands) is then further established by studying the
topological invariants of the bulk states in the lattice
model.
Systems in magnetic fields as tight-binding models–
We start with a 2D system in a perpendicular uniform
magnetic field B. The gauge covariant momentum op-
erators are Πx = pˆx − qAx and Πy = pˆy − qAy with
B = ∂xAy − ∂yAx, which may be linearly recombined
to form the boson creator and annihilator of a harmonic
oscillator,
a† =
`B√
2~
(Πx − iΠy), a = `B√
2~
(Πx + iΠy), (1)
where `B =
√
~/qB and [a, a†] = 1. The operators
act on the Hilbert space spanned by the orthonormal
particle-number basis |n〉 = (a†)n|0〉/√n! with integers
n = 0, 1, 2, · · · . The creator adds a particle and the an-
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2nihilator destructs one, which are implemented by
a|0〉 = 0, a|n〉 = √n|n− 1〉, n > 0,
a†|n〉 = √n+ 1|n+ 1〉, n = 0, 1, 2, · · · . (2)
The eigenvalue of the particle number N = a†a is then
the Landau index n.
We then construct the real-space component of the
Hilbert space for a tight-binding model on a 1D semi-
infinite lattice. The lattice sites are labelled as n =
0, 1, 2, · · · , each assigned with a quantum state |n〉, as
illustrated in Fig. 1(a). As a 1D lattice, the forward and
backward translators, denoted by Ŝ† and Ŝ, respectively,
act on the Hilbert space as
Ŝ|0〉 = 0, Ŝ|n〉 = |n− 1〉, n = 1, 2, · · · , (3)
Ŝ†|n〉 = |n+ 1〉, n = 0, 1, 2, · · · . (4)
Another useful operator for the lattice is the position
operator X which reads off the position of a state,
X|n〉 = n|n〉, n = 0, 1, 2, · · · . (5)
It is noteworthy that Ŝ and Sˆ† commute for every
state except the end state of the semi-infinite lattice |0〉,
namely
[Ŝ, Ŝ†] = δ0,X . (6)
We then identify the real-space Hilbert space of the semi-
infinite 1D lattice with that of the harmonic oscillator.
In this identification, the position operator X is just the
Landau index operator N = a†a, and the translators can
be expressed as Ŝ† = a† 1√
N+1
, Ŝ = 1√
N+1
a. Inversely,
with N = X,
a† = Ŝ†
√
X + 1, a =
√
X + 1 Ŝ. (7)
Before proceeding, we note that topological configura-
tions shall be defined for the entirety of Landau levels,
namely in the quotient space by the degeneracy of each
Landau level. This should be distinguished from the
quantum hall effects, where the topology is defined in
the degenerate subspaces.
In general, a coarse-grained Hamiltonian for topologi-
cal fermions in a condensed-matter system may be cast
into the form H(p) = ∑a fa(p)Γa, where Γa are a set
of matrices, Dirac matrices for instance, accounting for
the internal degrees of freedom for topological fermions,
and p is the effective momentum in a d-dimensional
momentum space. Such a Hamiltonian may describe
low-energy excitations arising from band crossings in a
band structure. If a field B is applied normal to the
xj-xk plane, the corresponding gauge potentials satisfy
B = ∂jAk−∂kAj , and the momenta pj and pk are gauged
to be Πj = pj − qAj and Πk = pk − qAk, respectively.
The recombined operators a† and a are mapped to be for-
ward and backward translators Ŝ† and Ŝ in a 1D lattice,
|0 |1 |2 |3|-1|-2
(a)
. . . . . .
N = a†aX
(b)
FIG. 1: (a) Identification of the Hilbert space of a quantum
oscillator to the spatial Hilbert space of a semi-infinite lattice,
where the particle number N is equivalent to the site position
X. The semi-infinite lattice is then extended to be infinite for
the purpose of studying its topological properties. (b)Pairings
of states in a lattice model derived from Dirac fermions in a
magnetic field. This is a reminiscence of the dimerization
ocurring in the well-known SSH model.
whose sites are labelled by X. By such construction, a
dD model of topological fermions under a constant field
B is transformed to a (d− 1)D semi-infinite lattice with
the (d−2)D boundary perpendicular to X, which we refer
to as a Landau lattice of the topological fermions. More
generally, for d ≤ 2n, if n constant fields are applied, we
obtain a (d−n)D lattice with n boundaries perpendicular
to the n independent dimensions via the transformation.
For physical dimensions d = 3 and 2, a magnetic field
reduces the dimensionality to 2 and 1, respectively.
We then extend the semi-infinite Landau lattice to be
infinite by adding states |−1〉, |−2〉, · · · , as illustrated in
Fig. 1(a). On the infinite Landau lattice, the two trans-
lators are denoted by “removing hats”, and accordingly
act as
S†|n〉 = |n+ 1〉, S|n〉 = |n− 1〉, (8)
with n = · · · ,−2,−1, 0, 1, 2, · · · . The extended operators
are invertible and mutually independent, satisfying the
relations
S†S = 1, [S†, S] = 0. (9)
We now have a (d − 1)D infinite lattice model—the
extended Landau lattice—derived from dD topological
fermions under a uniform magnetic field. The infinite lat-
tice model may be a topological insulator or (semi)metal
that hosts topological gapless boundary modes when a
(d− 2)D boundary is opened perpendicular to the X di-
rection. Inversely, these topological boundary modes cor-
respond to the Landau levels (bands) of fermions that are
of small Landau indices, and are located at (go across)
zero energy. Since the boundary modes of the semi-
infinite lattice are topologically protected by the bulk
topological invariants, these corresponding Landau levels
of small indices are topologically protected by nontrivial
topological configurations encoded deep into the Landau
3levels of large indices. Similar to the robustness of the
topological boundary modes, these corresponding topo-
logical Landau levels (bands) with small Landau indices
are also stable against (symmetry-preserving) disorder
and perturbations. It is noteworthy that the resultant in-
finite lattice model has no translational symmetry along
the X-direction due to the position-dependent mappings
in Eq. (7). Thus, in contrast to the common practice
of using topological invariants in terms of momentum-
space Hamiltonian or Berry connection in the presence
of translational symmetry, it is required here to employ
topological invariants directly formulated in real space,
2D Dirac fermions and the SSH models– In the follow-
ing, we proceed to illustrate and demonstrate the some-
what abstract general theory by elementary examples,
which are interesting in their own right. Let us first con-
sider 2D Dirac fermions with the Hamiltonian
HD = v
2
(p−σ+ + p+σ−), (10)
where p± = px ± ipy and σ± = σ1 ± iσ2. Here σj
are the Pauli matrices. Coupling Dirac fermions to
the magnetic field is realized by substitutions p+ →√
2~a/`B and p− →
√
2~a†/`B , which lead to HBD =
(~ωB/2)(a†σ+ + aσ−) with ωB =
√
2v/`B . The corre-
sponding Landau lattice can be derived using Eq. (7) as
ĤL = (~ωB/2)(Ŝ†
√
X + 1σ+ +
√
X + 1Ŝσ−), which in-
herits the chiral symmetry {ĤL, σ3} = 0 and is therefore
in class AIII. The chiral symmetry σ3 charges a state |ψ〉
with positive or negative chirality, i.e., σ3|ψ〉 = ±|ψ〉.
The obtained lattice model has an energy gap in the
bulk, and one can determine whether it has topologically
protected zero end-states by extending it to an infinite
lattice. Note that the extension is not unique, and the
inversion-symmetric one is given as
HL = ~ωB
2
(S†
√
|X|+ 1 σ+ +
√
|X|+ 1 S σ−). (11)
Let us recall some basics of topological insulators in
class AIII. The Hamiltonian can be written in a general
form
HL =
(
0 Q†
Q 0
)
(12)
with the chiral symmetry σ3, and the topological invari-
ant for the Z classification can be given in real space as
ν = lim
N→∞
1
N Tr
′ Q−1[Q,X], (13)
where N is the number of sites [42, 53], which when sent
to infinity quantizes the topological invariant ν to an in-
teger. A positive (negative) ν corresponds to ν (-ν) zero-
modes with positive (negative) chirality concentrated at
the end of the semi-infinite lattice. Note that the topo-
logical invariant in real space requires no translation in-
variance and thus serves well for our purpose.
λ
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FIG. 2: (a) Topological invariant ν with increasing number
of lattice sites N for different λ’s. (b) Dependence of critical
site number Nc to λ. As a result of data fitting, Nc = 5.5λ2−
1.3λ− 14.
For the case of Eq. (11) with Q = ~ωB
√|X|+ 1S,
the topological invariant can then be directly computed
by Eq. (13). As shown in Fig. 2, the topological in-
variant converges to 1 with increasing N . Alterna-
tively, one may reduce this case to the simplest topologi-
cally nontrivial Su-Schrieffer-Heeger (SSH) model [54, 55]
with Q = S by simplifying the topological invariant to
ν = limN→∞ 1N Tr
′ S†[X,S], or through a continuous de-
formation Q(τ) = ~ωB
√|X|(1− τ) + 1S with τ varying
from 0 to 1, in course of which the bulk gap is always
open and the topological invariant unchanged.
According to the bulk-boundary correspondence, there
is a topologically-protected zero mode residing at the end
of the semi-infinite lattice. Translating this back to the
field-coupled Dirac fermions, this implies that there ex-
ists a Landau level composed of states with small Landau
indices. We find the zero-energy state to be |0〉 ⊗ | ↑〉,
which has positive chirality, in accord with the bulk topo-
logical invariant. The rest of the Landau levels can be
interpreted as bulk states, each of which is a superposi-
tion of states from nearest neighbors on the lattice. In
other words, they correspond to the bulk states of the
SSH model with the pairings of the bulk states, |n〉⊗ | ↓〉
and |n+ 1〉 ⊗ | ↑〉, where n = 0, 1, 2, · · · , and the Hamil-
tonian is block-diagonalized in the subspace of each pair-
ing, as illustrated in Fig. 1. Further diagonalizing the
Hamiltonian in each block solves the spectrum E±n =
±~ωB
√
n+ 1 of the eigenstates (1/
√
2)(|n, ↓〉±|n+1, ↑〉 )
with n = 0, 1, 2, · · · .
Now we elaborate a significant difference in phase tran-
sition between the Landau lattice model in class AIII and
the translation-invariant SSH model. Let us recall the
generic SSH model with a symmetry-preserving on-site
term, HSSH=(S†σ++Sσ−)/2+λσ2, which corresponds
to Q˜ = S + iλ. For |λ| > 1, the model is in a trivial
phase without end states since the on-site term is dom-
inant. On the other hand, an arbitrarily large λ cannot
4demote the Landau lattice with Q =
√|X|+ 1S + iλ
to a trivial phase. As shown by numerical calculations
in Fig. 2, ν always approaches 1 for any finite λ when
the lattice length N is sufficiently large. More precisely,
as seen from Fig. 2(a), there exists a critical site num-
ber Nc, exceeding which the topological invariant jumps
from 0 to 1. Numerical fitting of the results in Fig. 2(b)
shows that Nc is approximately a quadratic function of
λ, whose explicit form reads Nc = 5.5λ2 − 1.3λ − 14.
We emphasize that the criticality here corresponds to
no phase transition in the ordinary sense, since the no-
tion of a phase is defined under the thermodynamic limit
N → ∞. The fact that the Landau lattice is always
topologically nontrivial can be intuitively understood as
follows: The nearest hopping term
√|X|+ 1S responsi-
ble for the topology will always dominate with increas-
ing magnitude when going deep enough into the bulk.
What actually happens with increasing |λ| is that the
concentration of the end state |ψ〉 is moved towards the
bulk, and its spatial distribution is smoothed [see the
Supplemental Material (SM) [56] for details]. But it is
inescapable to be bounded to the end for a finite λ on
the semi-infinite lattice, since 〈n, σ|ψ〉 always approaches
0 as n → ∞. Accordingly, under an arbitrarily large
perturbation λσ2, there is always a zero-energy Landau
level that is a superposition dominated by states with
small Landau indices.
Recalling that 1D topological insulators in class AIII
have an integer classification, we can construct the cor-
responding Landau levels of topological fermions with an
arbitrary number of topologically protected zero-modes
mainly composed of small indices, which can be found in
SM [56].
Weyl fermions and Chern insulators– We now consider
a 3D example in class A without any symmetry, namely
the Weyl-fermion Hamiltonian, HL/RW (p) = pxσ1+pyσ2±
pzσ3, whose infinite Landau lattice is derived as
HL/RW,L =
1
2
(
√
|X|+ 1Sσ− + h.c.)± kzσ3, (14)
where the x-direction is expressed in real space without
translational symmetry, while the z-direction remains in
momentum space with translational symmetry. This is a
2D lattice with an energy gap, since
√
X + 1S is invert-
ible, and σ3 anticommutes with σ
±. The model can be
continuously deformed to be H˜±W,L = S†σ+ +Sσ−±kzσ3
without closing the gap, so that translational symme-
try along the x-direction is acquired, entirely parallel
to what we did for Eq. (11). Now the model may be
a Chern insulator [57, 58], and the Chern number can
be calculated using translational symmetries, although
a formula of the Chern number in real space is also
available [42]. In momentum space, the Hamiltonian
is H˜L/RW,L(kx, kz) = eikxxσ+ + e−ikxxσ− ± kzσ3, and the
Chern number is just the unit winding number of the
vector field d = (cos kx, sin kx,±kz) [6], after normalized
to be dˆ, as a mapping from S2 to S2. It can be computed
explicitly as ν = (1/4pi)
∫ pi
−pi dkx
∫∞
−∞ dkz dˆ·(∂kz dˆ×∂kx dˆ).
The positive (negative) unit Chern number implies a
right (left)-moving edge band across zero energy for any
1D edge of a semi-infinite system. In this particular case
where all sites left to X = 0 are cut off, making an
edge for the x-dimension, the unit Chern number cor-
responds to a chiral band parametrized by kz, which are
gapless edge modes for the semi-infinite lattice model, or
equivalently a chiral Landau band dominated by states
with small indices (see the SM [56] for a graphic illustra-
tion). The existence of the chiral Landau band is topolog-
ically protected against weak disorder and perturbations.
Chern insulators of higher Chern numbers correspond to
Landau bands of multiply-charged Weyl fermions, which
is elaborated in the SM similar to the previous case of
symmetry class AIII [56].
In a two-band minimal model of Weyl semimetals, for
instanceHWSM = pxσ1+pyσ2−(p2z−µ2)σ3, there are two
Weyl points each with left and right chirality, conforming
with the Nielsen-Ninomiya no-go theorem [59, 60]. By
applying a uniform magnetic field along the z-direction,
according to the discussions above, the right (left) Weyl
point leads to a right (left) massless mover, which is con-
centrated at the smallest Landau index. In the virtual
Landau band structure as graphically illustrated in the
SM [56], the left and right moving modes should be con-
nected smoothly, leading to a band parametrized by kz as
a reminiscence of the Tomonaga-Luttinger liquid when all
negative states are filled by electrons. Again such topo-
logical properties are insensitive to weak disorder and
perturbations.
Summary - In summary, we bridge the Landau lev-
els (bands) of d-dimensional topological fermions to a
(d − 1)D Landau lattice with d ≥ 2. It is shown that
the topological boundary modes of the Landau lattice,
resulting from the bulk topological invariant, correspond
to topological low Landau levels (bands) crossing zero
energy. Thus, these zero modes among Landau levels
(bands) are protected by topological configurations deep
into the gapped states with large Landau indices, which
are therefore robust against (symmetry-preserving) weak
disorder and perturbations.
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7Supplemental Material
2D Dirac fermions with muptile topological charges
Let us consider 2D massless Dirac fermions with
quadratic band touching [61],
H(2)D (p) = w (p2x − p2y)σ1 + 2w pxpyσ2
=
w
2
(p2−σ
+ + p2+σ
−).
(S15)
The model has mirror reflection symmetries through the
x and y-axis, corresponding to the operators Mˆx = iσ1Rˆy
and Mˆy = iσ1Rˆx, respectively, with Rˆy (Rˆx) being the
inversion of the y-coordinate (x-coordinate), and there-
fore has inversion symmetry as the combination of Mˆx
and Mˆy, Iˆ = MˆxMˆy. The model may appear in solid-
state systems that satisfy these crystal symmetries. In
a z-direction perpendicular magnetic field, the Hamilto-
nian becomes
H(2)D,B =
λ
2
[(a†)2σ+ + a2σ−], (S16)
with λ = w(
√
2~/`B)2 = 2w~qB. The corresponding
infinite lattice model is
H(2)D,L =
λ
2
(S†
√
|X|+ 1S†
√
|X|+ 1σ+
+
√
|X|+ 1S
√
|X|+ 1Sσ−),
(S17)
which gives Q = λ
√|X|+ 1S√|X|+ 1S. The model has
an energy gap since Q is invertible with the inverse,
Q−1 =
1
λ
S†
1√|X|+ 1S† 1√|X|+ 1 , (S18)
and can be continuously deformed to be Q˜ = S2 via
Q(τ) = λ
√|X|e−τ + 1S√|X|e−τ + 1S with τ ∈ [0,∞),
during which the gap is opened and the invertibility of Q
is preserved. Now we calculate the topological invariant
of Q˜ = S2 in momentum space by using the acquired
translation invariance, which turns out to be 2. Thus
there exist two zero-energy end-states with positive chi-
rality for the semi-infinite lattice with sites on the left
of the 0th site being cut off. Accordingly, there are two-
fold degenerate zero-energy Landau levels with positive
chirality and small Landau indices.
This model can be generalized to be H(k)D =
(w/2)(pk−σ
+ + pk+σ
−) for any positive integer k, which
corresponds to a topological invariant ν = k, imply-
ing that the Landau levels with positive chirality at
zero energy are k-fold degenerate besides the Landau
degeneracy. To construct models for ν = −k, we just
need to exchange p− and p+, which leads to H(−k)D =
(w/2)(pk+σ
+ + pk−σ
−). Correspondingly for this model
there exist zero-energy end-states or equivalently zero-
energy Landau levels with small indices, which have neg-
ative chirality.
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FIG. S3: Spatial distributions of zero-energy end-modes for
the SSH states with λ = 1.5, 2, 2.5, 3 and 3.5, respectively.
The peak becomes lower and wider with increasing λ.
FIG. S4: Landau bands for (a) a right-handed Weyl point and
(b) a minimal model of Weyl semimetals.
Spatial Distributions of Zero-Energy Landau Levels
corresponding to generic SSH models
The zero-energy wave function of HD = (1/2)(a†σ+ +
aσ−)+λσ2, or the zero-energy end-state of the equivalent
semi-infinite Landau lattice, HLD = (1/2)(Ŝ†
√
X + 1 +√
X + 1Ŝ) + λσ2, can be exactly solved as
|ψ〉 = e−λ
2
2
∞∑
n=0
λn√
n!
|n, ↑〉. (S19)
The zero-energy state has been normalized for any λ, and
has positive chirality for the chiral symmetry σ3, which
are consistent with the fact that the topological invariant
is equal to 1 for any λ. The probability at position n is
given by |cX |2 = |〈n|ψ〉|2 = e−λ2λ2n/n!, which is plot-
ted with different λ’s in Fig. S3. It is observed that the
concentration of the wave pocket is moved towards the
bulk and its shape is smoothened, when λ is increased,
although it is always bounded to the end for any λ.
8Topological Landau bands of Weyl fermions and
Semimetals
As shown in Fig. S4(a), HRW = pxσ1 + pyσ2 − pzσ3
in a magnetic field has a right-handed chiral band which
crosses zero energy and has the smallest Landau index, or
equivalently the corresponding Landau lattice is a semi-
infinite Chern insulator that has a right-handed chiral
edge band. The Landau-band structure for HLW is just
the mirror image of Fig. S4(a) through the E-axis.
For the minimal model of Weyl semimetals [62],
HWSM = pxσ1 + pyσ2 − (p2z − µ2)σ3, the Landau-band
structure is illustrated in Fig. S4(b). The low-energy ex-
pansion of HWSM consists of HRW and HLW at kz = µ and
kz = −µ, respectively, and thus the lowest Landau band
equivalent to the edge states of the corresponding semi-
infinite Landau lattice is obtained by connecting a left-
handed chiral band crossing kz = −µ and a righ-handed
one crossing kz = µ. The other bands in Fig. S4(b) cor-
respond to the gapped bulk bands of the semi-infinite
Landau lattice.
The construction of a Weyl point with a Chern number
of k can be achieved by simply adding −kzσ3 to H(k)D ,
i.e., H(k)W = H(k)D −kzσ3. The corresponding semi-infinite
Landau lattice is a Chern insulator with a Chern number
of k, and has k (−k) flavors of right (left)-handed chiral
bands on the edge when k > 0 (k < 0), or equivelently k
(−k) flavors of right (left)-handed chiral Landau bands
with small indices crossing zero energy.
